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EXERCISES 10.3

Using the Discriminant
Use the discriminant to decide whether the equations in
Exercises 1–16 represent parabolas, ellipses, or hyperbolas.

1.

2.

3.

4.

5.

6.

7.

8. 9.

10.

11.

12.

13.

14.

15.

16. 3x2
+ 12xy + 12y2

+ 435x - 9y + 72 = 0

6x2
+ 3xy + 2y2

+ 17y + 2 = 0

25x2
+ 21xy + 4y2

- 350x = 0

x2
- 3xy + 3y2

+ 6y = 7

2x2
- 4.9xy + 3y2

- 4x = 7

3x2
- 5xy + 2y2

- 7x - 14y = -1

3x2
+ 6xy + 3y2

- 4x + 5y = 12

xy + y2
- 3x = 5x2

+ y2
+ 3x - 2y = 10

x2
+ 4xy + 4y2

- 3x = 6

2x2
- y2

+ 4xy - 2x + 3y = 6

x2
+ 2xy + y2

+ 2x - y + 2 = 0

2x2
- 215 xy + 2y2

+ x + y = 0

3x2
- 7xy + 217 y2

= 1

3x2
- 18xy + 27y2

- 5x + 7y = -4

x2
- 3xy + y2

- x = 0

B2
- 4AC

Rotating Coordinate Axes
In Exercises 17–26, rotate the coordinate axes to change the given
equation into an equation that has no cross product (xy) term. Then
identify the graph of the equation. (The new equations will vary with
the size and direction of the rotation you use.)

17. 18.

19.

20. 21.

22.

23.

24.

25.

26.

27. Find the sine and cosine of an angle in Quadrant I through which
the coordinate axes can be rotated to eliminate the cross product
term from the equation

Do not carry out the rotation.

14x2
+ 16xy + 2y2

- 10x + 26,370y - 17 = 0.

3x2
+ 423 xy - y2

= 7

3x2
+ 2xy + 3y2

= 19

xy - y - x + 1 = 0

22 x2
+ 222 xy + 22 y2

- 8x + 8y = 0

3x2
- 223 xy + y2

= 1

x2
- 2xy + y2

= 2x2
- 23 xy + 2y2

= 1

3x2
+ 223 xy + y2

- 8x + 823 y = 0

x2
+ xy + y2

= 1xy = 2
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28. Find the sine and cosine of an angle in Quadrant II through which
the coordinate axes can be rotated to eliminate the cross product
term from the equation

Do not carry out the rotation.

The conic sections in Exercises 17–26 were chosen to have rotation
angles that were “nice” in the sense that once we knew or

we could identify and find and from familiar tri-
angles.

In Exercises 29–34, use a calculator to find an angle through
which the coordinate axes can be rotated to change the given equation
into a quadratic equation that has no cross product term. Then find

and to two decimal places and use Equations (6) to find the
coefficients of the new equation to the nearest decimal place. In each
case, say whether the conic section is an ellipse, a hyperbola, or a
parabola.

29.

30.

31.

32.

33.

34.

Theory and Examples
35. What effect does a 90° rotation about the origin have on the equa-

tions of the following conic sections? Give the new equation in
each case.

a. The ellipse 

b. The hyperbola 

c. The circle 

d. The line e. The line 

36. What effect does a 180° rotation about the origin have on the
equations of the following conic sections? Give the new equation
in each case.

a. The ellipse 

b. The hyperbola 

c. The circle 

d. The line e. The line 

37. The hyperbola is one of many
hyperbolas of the form that appear in science and mathe-
matics.

a. Rotate the coordinate axes through an angle of 45° to change
the equation into an equation with no xy-term. What
is the new equation?

b. Do the same for the equation 

38. Find the eccentricity of the hyperbola xy = 2.

xy = a .

xy = 1

xy = a
xy = 1The Hyperbola xy = a

y = mx + by = mx

x2
+ y2

= a2

sx2>a2d = s y2>b2d = 1

sx2>a2d + s y2>b2d = 1 sa 7 bd

y = mx + by = mx

x2
+ y2

= a2

sx2>a2d = s y2>b2d = 1

sx2>a2d + s y2>b2d = 1 sa 7 bd

2x2
+ 7xy + 9y2

+ 20x - 86 = 0

3x2
+ 5xy + 2y2

- 8y - 1 = 0

2x2
- 12xy + 18y2

- 49 = 0

x2
- 4xy + 4y2

- 5 = 0

2x2
+ xy - 3y2

+ 3x - 7 = 0

x2
- xy + 3y2

+ x - y - 3 = 0

cos asin a

a

cos asin a2atan 2a
cot 2a

4x2
- 4xy + y2

- 825 x - 1625 y = 0.

39. Can anything be said about the graph of the equation 
if Give reasons for your

answer.

40. Degenerate conics Does any nondegenerate conic section
have all of the follow-

ing properties?

a. It is symmetric with respect to the origin.

b. It passes through the point (1, 0).

c. It is tangent to the line at the point 

Give reasons for your answer.

41. Show that the equation becomes 
for every choice of the angle in the rotation equations (4).

42. Show that rotating the axes through an angle of radians will
eliminate the xy-term from Equation (1) whenever 

43. a. Decide whether the equation

represents an ellipse, a parabola, or a hyperbola.

b. Show that the graph of the equation in part (a) is the line

44. a. Decide whether the conic section with equation

represents a parabola, an ellipse, or a hyperbola.

b. Show that the graph of the equation in part (a) is the line

45. a. What kind of conic section is the curve 

b. Solve the equation for y and sketch the
curve as the graph of a rational function of x.

c. Find equations for the lines parallel to the line that
are normal to the curve. Add the lines to your sketch.

46. Prove or find counterexamples to the following statements about
the graph of 

a. If the graph is an ellipse.

b. If the graph is a hyperbola.

c. If the graph is a hyperbola.

47. A nice area formula for ellipses When is negative,
the equation

represents an ellipse. If the ellipse’s semi-axes are a and b, its area
is (a standard formula). Show that the area is also given by
the formula (Hint: Rotate the coordinate axes
to eliminate the xy-term and apply Equation (12) to the new equa-
tion.)

48. Other invariants We describe the fact that equals
after a rotation about the origin by saying that the dis-

criminant of a quadratic equation is an invariant of the equation.
B2

- 4AC
B¿

2
- 4A¿C¿

2p>24AC - B2 .
pab

Ax2
+ Bxy + Cy2

= 1

B2
- 4AC

AC 6 0,

AC 7 0,

AC 7 0,

Ax2
+ Bxy + Cy2

+ Dx + Ey + F = 0.

y = -2x

xy + 2x - y = 0

xy + 2x - y = 0?

y = -3x + 2.

9x2
+ 6xy + y2

- 12x - 4y + 4 = 0

2y = -x - 3.

x2
+ 4xy + 4y2

+ 6x + 12y + 9 = 0

A = C .
p>4

a

x¿
2

+ y¿
2

= a2x2
+ y2

= a2

s -2, 1d .y = 1

Ax2
+ Bxy + Cy2

+ Dx + Ey + F = 0

AC 6 0?Cy2
+ Dx + Ey + F = 0

Ax2
+ Bxy +
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Use Equations (6) to show that the numbers (a) and (b)
are also invariants, in the sense that

We can use these equalities to check against numerical errors
when we rotate axes.

A¿ + C¿ = A + C and D¿
2

+ E¿
2

= D2
+ E2 .

D2
+ E2

A + C

709

49. Use Equations (6) to
show that for any rotation of axes
about the origin.

B¿
2

- 4A¿C¿ = B2
- 4AC

A proof that B¿
2

- 4A¿C¿ = B2
- 4AC
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