
Chapter 11 Additional and Advanced Exercises 843

Convergence or Divergence
Which of the series defined by the formulas in Exercises 1–4
converge, and which diverge? Give reasons for your answers.

1. 2.

3. 4.

Which of the series defined by the formulas in Exercises 5–8
converge, and which diverge? Give reasons for your answers.

5.

(Hint: Write out several terms, see which factors cancel, and then
generalize.)

6.

7.

8. if n is odd, if n is even

Choosing Centers for Taylor Series
Taylor’s formula

expresses the value of ƒ at x in terms of the values of ƒ and its deriva-
tives at In numerical computations, we therefore need a to be a
point where we know the values of ƒ and its derivatives. We also need
a to be close enough to the values of ƒ we are interested in to make

so small we can neglect the remainder.
In Exercises 9–14, what Taylor series would you choose to repre-

sent the function near the given value of x? (There may be more than
one good answer.) Write out the first four nonzero terms of the series
you choose.

9. 10.

11. 12.

13. 14.

Theory and Examples
15. Let a and b be constants with Does the sequence

converge? If it does converge, what is the limit?5san
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16. Find the sum of the infinite series

17. Evaluate

18. Find all values of x for which

converges absolutely.

19. Generalizing Euler’s constant The accompanying figure
shows the graph of a positive twice-differentiable decreasing
function ƒ whose second derivative is positive on For
each n, the number is the area of the lunar region between 
the curve and the line segment joining the points (n, ƒ(n)) and

a. Use the figure to show that 

b. Then show the existence of

c. Then show the existence of

If the limit in part (c) is Euler’s constant
(Section 11.3, Exercise 41). (Source: “Convergence with Pic-
tures” by P. J. Rippon, American Mathematical Monthly, Vol. 93,
No. 6, 1986, pp. 476–478.)
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20. This exercise refers to the “right side up” equilateral triangle with
sides of length 2b in the accompanying figure. “Upside down”
equilateral triangles are removed from the original triangle as the
sequence of pictures suggests. The sum of the areas removed from
the original triangle forms an infinite series.

a. Find this infinite series.

b. Find the sum of this infinite series and hence find the total
area removed from the original triangle.

c. Is every point on the original triangle removed? Explain why
or why not.

21. a. Does the value of

appear to depend on the value of a? If so, how?

b. Does the value of

appear to depend on the value of b? If so, how?

c. Use calculus to confirm your findings in parts (a) and (b).

22. Show that if converges, then

converges.
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23. Find a value for the constant b that will make the radius of con-
vergence of the power series

equal to 5.

24. How do you know that the functions sin x, ln x, and are not
polynomials? Give reasons for your answer.

25. Find the value of a for which the limit

is finite and evaluate the limit.

26. Find values of a and b for which

27. Raabe’s (or Gauss’s) test The following test, which we state
without proof, is an extension of the Ratio Test.

Raabe’s test: If is a series of positive constants and
there exist constants C, K, and N such that

(1)

where for then converges if 
and diverges if 

Show that the results of Raabe’s test agree with what you
know about the series and 

28. (Continuation of Exercise 27.) Suppose that the terms of 
are defined recursively by the formulas

Apply Raabe’s test to determine whether the series converges.

29. If converges, and if and for all n,

a. Show that converges.

b. Does converge? Explain.

30. (Continuation of Exercise 29.) If converges, and if
for all n, show that converges.

(Hint: First show that )

31. Nicole Oresme’s Theorem Prove Nicole Oresme’s Theorem that
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32. a. Show that

for by differentiating the identity

twice, multiplying the result by x, and then replacing x by
1 x.

b. Use part (a) to find the real solution greater than 1 of the
equation

33. A fast estimate of As you saw if you did Exercise 127 in
Section 11.1, the sequence generated by starting with and
applying the recursion formula converges
rapidly to To explain the speed of the convergence, let

(See the accompanying figure.) Then

Use this equality to show that

34. If is a convergent series of positive numbers, can any-
thing be said about the convergence of Give
reasons for your answer.

35. Quality control

a. Differentiate the series

to obtain a series for 1>s1 - xd2 .
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b. In one throw of two dice, the probability of getting a roll of 7
is If you throw the dice repeatedly, the probability
that a 7 will appear for the first time at the nth throw is

where The expected number of
throws until a 7 first appears is Find the sum of
this series.

c. As an engineer applying statistical control to an industrial
operation, you inspect items taken at random from the
assembly line. You classify each sampled item as either
“good” or “bad.” If the probability of an item’s being good is
p and of an item’s being bad is the probability
that the first bad item found is the nth one inspected is 
The average number inspected up to and including the first
bad item found is Evaluate this sum, assuming

36. Expected value Suppose that a random variable X may assume
the values 1, 2, 3, with probabilities where 
is the probability that X equals Suppose also
that and that The expected value of X, de-
noted by E(X), is the number provided the series con-
verges. In each of the following cases, show that 
and find E(X) if it exists. (Hint: See Exercise 35.)

a. b.

c.

37. Safe and effective dosage The concentration in the blood re-
sulting from a single dose of a drug normally decreases with time
as the drug is eliminated from the body. Doses may therefore
need to be repeated periodically to keep the concentration from
dropping below some particular level. One model for the effect of
repeated doses gives the residual concentration just before the

dose as

where change in concentration achievable by a single
dose (mg mL), elimination constant and 
between doses (h). See the accompanying figure.
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b. Calculate and for and
How good an estimate of R is 

c. If and find the smallest n such that

(Source: Prescribing Safe and Effective Dosage, B. Horelick and
S. Koont, COMAP, Inc., Lexington, MA.)

38. Time between drug doses (Continuation of Exercise 37.) If a
drug is known to be ineffective below a concentration and
harmful above some higher concentration one needs to find
values of and that will produce a concentration that is safe
(not above ) but effective (not below ). See the accompany-
ing figure. We therefore want to find values for and for
which

Thus When these values are substituted in the
equation for R obtained in part (a) of Exercise 37, the resulting
equation simplifies to

To reach an effective level rapidly, one might administer a “load-
ing” dose that would produce a concentration of This
could be followed every hours by a dose that raises the concen-
tration by 

a. Verify the preceding equation for 

b. If and the highest safe concentration is e times
the lowest effective concentration, find the length of time
between doses that will assure safe and effective
concentrations.

c. Given and 
determine a scheme for administering the drug.

d. Suppose that and that the smallest effective
concentration is 0.03 mg mL. A single dose that produces a
concentration of 0.1 mg mL is administered. About how long
will the drug remain effective?

39. An infinite product The infinite product
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obtained by taking the natural logarithm of the product, con-
verges. Prove that the product converges if for every n
and if converges. (Hint: Show that

when )

40. If p is a constant, show that the series

a. converges if b. diverges if In general, if
and n takes on the values

we find that and
so on. If then

converges if and diverges if 

41. a. Prove the following theorem: If is a sequence of numbers
such that every sum is bounded, then the series

converges and is equal to 

Outline of proof: Replace by and by 

for If show that
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b. Show how the foregoing theorem applies to the alternating
harmonic series

c. Show that the series

converges. (After the first term, the signs are two negative,
two positive, two negative, two positive, and so on in that
pattern.)

42. The convergence of for

a. Show by long division or otherwise that

b. By integrating the equation of part (a) with respect to t from 0
to x, show that
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c. If show that

Hint: As t varies from 0 to x,
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d. If show that

Hint: If then and
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