1226  Chapter 16: Integration in Vector Fields

Chapter Additional and Advanced Exercises

Finding Areas with Green’s Theorem 3. Theeightcurvex = (1/2)sin2s,y = sin#,0 = ¢ =  (one loop)
Use the Green’s Theorem area formula, Equation (13) in Exercises 16.4, y

to find the areas of the regions enclosed by the curves in Exercises 1—4. !

1. The limagon x = 2cost — cos2t, y = 2sint — sin2t,
0=t=2m
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4. The teardrop x = 2acost — asin2t,y = bsint,0) = t = 27
y
b
2. The deltoid x = 2cost + cos2t, y = 2sint — sin 2t, \
0=t=2m
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0/3 ' Theory and Applications

5. a. Give an example of a vector field F (x, y, z) that has value 0
at only one point and such that curl F is nonzero everywhere.
Be sure to identify the point and compute the curl.
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11.

12.

b. Give an example of a vector field F (x, y, z) that has value 0
on precisely one line and such that curl F is nonzero
everywhere. Be sure to identify the line and compute the curl.

c¢. Give an example of a vector field F (x, y, z) that has value 0
on a surface and such that curl F is nonzero everywhere. Be
sure to identify the surface and compute the curl.

. Find all points (a, b, ¢) on the sphere x> + y? + z> = R? where

the vector field F = yz%i + xz%j + 2xyzk is normal to the
surface and F(a, b, ¢) # 0.

. Find the mass of a spherical shell of radius R such that at each

point (x, y, z) on the surface the mass density 8(x,y, z) is its
distance to some fixed point (a, b, ¢) of the surface.

. Find the mass of a helicoid

r(r,0) = (rcos0)i + (rsinf)j + 6k,

0=r=10= 6 = 27w, if the density function is 8(x, y, z) =
2V/x? + y2 See Practice Exercise 27 for a figure.

. Among all rectangular regions 0 = x = a,0 = y = b, find the

one for which the total outward flux of F = (x? + 4xy)i — 6yj
across the four sides is least. What is the least flux?

Find an equation for the plane through the origin such that the cir-
culation of the flow field F = zi + xj + yk around the circle of
intersection of the plane with the sphere x> + y? + z> = 4 is a
maximum.
A string lies along the circle x> + y? = 4 from (2, 0) to (0, 2) in
the first quadrant. The density of the string is p (x, y) = xy
a. Partition the string into a finite number of subarcs to show
that the work done by gravity to move the string straight
down to the x-axis is given by

n
Work = lim 2 gxviAsy = /gxy2 ds,
n—00 j=] c

where g is the gravitational constant.

b. Find the total work done by evaluating the line integral in part
(a).

c. Show that the total work done equals the work required to

move the string’s center of mass (x, y) straight down to the
X-axis.

A thin sheet lies along the portion of the plane x + y + z = 1 in
the first octant. The density of the sheet is 6 (x, y,z) = xy.

a. Partition the sheet into a finite number of subpieces to show
that the work done by gravity to move the sheet straight down
to the xy-plane is given by

n
Work = lim E g Xz Aoy = //gxyz do,
n—0 j=1
N

where g is the gravitational constant.

b. Find the total work done by evaluating the surface integral in
part (a).

13.

14.

15.
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¢. Show that the total work done equals the work required to move
the sheet’s center of mass (X, y, z) straight down to the xy-plane.

Archimedes’ principle If an object such as a ball is placed in a
liquid, it will either sink to the bottom, float, or sink a certain dis-
tance and remain suspended in the liquid. Suppose a fluid has
constant weight density w and that the fluid’s surface coincides
with the plane z = 4. A spherical ball remains suspended in the
fluid and occupies the region x> + y? + (z — 2)* =< 1.

a. Show that the surface integral giving the magnitude of the

total force on the ball due to the fluid’s pressure is

Force = lim E w(d — z;) Aoy = //w(4 — z)do.
n—o0 =7
N

b. Since the ball is not moving, it is being held up by the
buoyant force of the liquid. Show that the magnitude of the
buoyant force on the sphere is

Buoyant force = // w(z — 4)k-ndo,
S

where n is the outer unit normal at (x, y, z). This illustrates
Archimedes’ principle that the magnitude of the buoyant force
on a submerged solid equals the weight of the displaced fluid.

c. Use the Divergence Theorem to find the magnitude of the
buoyant force in part (b).

Fluid force on a curved surface A cone in the shape of the
surface z = Vx? + y% 0 =<z = 2 is filled with a liquid of
constant weight density w. Assuming the xy-plane is “ground
level,” show that the total force on the portion of the cone from
z = 1toz = 2 due to liquid pressure is the surface integral

F=ﬂw(2—z)da.
S

Evaluate the integral.

Faraday’s Law If E(z, x, y, z) and B(¢, x, y, z) represent the
electric and magnetic fields at point (x, y, z) at time ¢, a basic
principle of electromagnetic theory says that V. X E = —dB/ot.
In this expression V X E is computed with ¢ held fixed and
dB/ot is calculated with (x, y, z) fixed. Use Stokes’ Theorem to
derive Faraday’s Law

__ 90 }
féE-dr— at//B n do,
Ky

where C represents a wire loop through which current flows
counterclockwise with respect to the surface’s unit normal n,

giving rise to the voltage
fE - dr
c

around C. The surface integral on the right side of the equation is
called the magnetic flux, and S is any oriented surface with
boundary C.

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

1228

16.

17.

18.

Chapter 16: Integration in Vector Fields

Let

_ GmM

F = r
r|?

be the gravitational force field defined for r # 0. Use Gauss’s
Law in Section 16.8 to show that there is no continuously differ-
entiable vector field H satisfying F = V X H.

If f(x, y, z) and g(x, y, z) are continuously differentiable scalar
functions defined over the oriented surface S with boundary curve
C, prove that

//(Vf X Vg) ndo = ?{ng-dr.
C

N

Suppose that V-F; = V-F, and VX F; = V X F, over a
region D enclosed by the oriented surface S with outward unit
normal n and that Fi-n = F,+n on S. Prove that F; = F;
throughout D.

19. Prove or disprove thatif V-F = 0and V X F = 0, then F = 0.

20. Let S be an oriented surface parametrized by r(u, v). Define the

21.

notation dor = r,, du X r, dv so that do is a vector normal to the
surface. Also, the magnitude do = |do| is the element of
surface area (by Equation 5 in Section 16.6). Derive the identity

do = (EG — F)'2 du dv
where
E = |r|?

F=r,r, and G=|r]|%

Show that the volume V of a region D in space enclosed by the
oriented surface S with outward normal n satisfies the identity

1
3//r-ncla-,
S

where r is the position vector of the point (x, y, z) in D.

V =
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