Exercise

EXERCISES 16.7

16.7 Stokes’ Theorem 1209

Using Stokes’ Theorem to Calculate Circulation

In Exercises 1-6, use the surface integral in Stokes’ Theorem to
calculate the circulation of the field F around the curve C in the
indicated direction.

6. F=x%% +j+ zk
C: The intersection of the cylinder x> + y?> =4 and the

hemisphere x% + y% + z2 = 16,z = 0, counterclockwise
when viewed from above.

1. F=x%+ 2xj + 2%k
C: The ellipse 4x> + y* = 4 in the xy-plane, counterclockwise
when viewed from above
2. F =i + 3xj — 2%k
C: The circle x> + y> = 9 in the xy-plane, counterclockwise
when viewed from above
3. F = yi + xzj + x°k
C: The boundary of the triangle cut from the planex + y + z = 1
by the first octant, counterclockwise when viewed from above
4. F=0"+2i+ 2+ 295+ (* + 1)k
C: The boundary of the triangle cut from the plane

x +y + z =1 by the first octant, counterclockwise when
viewed from above

5. F =2+ 220+ (x2+y)j + (x> +ydk
C: The square bounded by the lines x = +1 and y = %1 in the
xy-plane, counterclockwise when viewed from above

Flux of the Curl

7. Let n be the outer unit normal of the elliptical shell
S: 4x? + 9p? + 3622 = 36, z=0,
and let

F = yi + x3 + (x> + y"¥?sin VT K

//V X Fendo.
S

(Hint: One parametrization of the ellipse at the base of the shell is
x =3cost,y =2sint,0 = ¢t = 27.)

Find the value of

8. Let n be the outer unit normal (normal away from the origin) of
the parabolic shell

S: 4x2+y+22:4, y =0,
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1210  Chapter 16: Integration in Vector Fields

and let

_(_ 1 . 1 1
—(z+2+x)1+(tan y)J+(x+4+Z)k.

Find the value of
ﬂ V X F-ndo.
S

9. Let S be the cylinder x> + y2 = 42,0 < z =< h, together with its
top, x> + y? = @,z = h.LetF = —yi + xj + x’k. Use Stokes’
Theorem to find the flux of V X F outward through S.

10. Evaluate
//V X (yi)*ndo,
S

where S is the hemisphere x> + y? + z2 = 1,z = 0.
11. Flux of curl F  Show that

[/V X Fendo
S

has the same value for all oriented surfaces S that span C and that
induce the same positive direction on C.

12. Let F be a differentiable vector field defined on a region containing
a smooth closed oriented surface S and its interior. Let n be the unit
normal vector field on S. Suppose that S is the union of two
surfaces S| and S, joined along a smooth simple closed curve C.
Can anything be said about

//VX F-:ndo?
s

Give reasons for your answer.

17. F=3yi + (5 — )j + (z2 — 2)k
S: r(p,0) = (\/gsintj)cosﬂ)i + (\/gsinqbsine)j +
(V3cosgp)k, 0=¢=m2, 0=6=2r

18. F = y%i + 2% + xk
S r(h,0) = (2sindcosf)i + (2sin@sinh)j + (2 cos Pk,
0=¢p=m/2, 0=60=<27m

Stokes’ Theorem for Parametrized Surfaces

In Exercises 13—18, use the surface integral in Stokes’ Theorem to
calculate the flux of the curl of the field F across the surface S in the
direction of the outward unit normal n.

13. F = 2zi + 3xj + 51k
S: r(r,0) = (rcos0)i + (rsinf)j + (4 — r2k,
0=r=2 0=60=27

4. F=(@—-2i+(z—-—x)j+ (x+2k

S: r(r,0) = (rcos0)i + (rsinf)j + (9 — r?)k,
0=r=3 0=60=27w

15. F = x%i + 2y%zj + 3zk
S: r(r,0) = (rcos@)i + (rsin@)j + rk,
0=r=1 0=60=27

16 F=(x—y)i+(y—2j+ (z—-xk

S r(r,0) = (rcos)i + (rsinf)j + (5 — rk,
0=r=35 0=0<=2m

Theory and Examples

19. Zero circulation Use the identity V X Vf = 0 (Equation (8) in
the text) and Stokes’ Theorem to show that the circulations of the
following fields around the boundary of any smooth orientable
surface in space are zero.

a. F=2xi+ 2yj + 2zk

b. F = V(xy’z?)

c. F=VX (xi+yj+zk)
d. F=Vf

20. Zero circulation Let f(x,y,z) = (x> + y? + z%)"Y2 Show
that the clockwise circulation of the field F = Vf around the
circle x> + y? = a? in the xy-plane is zero

a. by takingr = (acos®)i + (asin®)j, 0 = ¢ = 2, and
integrating F « dr over the circle.

b. by applying Stokes’ Theorem.

21. Let C be a simple closed smooth curve in the plane
2x + 2y + z = 2, oriented as shown here. Show that

%Zydx + 3zdy — xdz

2x+2y+z=2

depends only on the area of the region enclosed by C and not on
the position or shape of C.

22. Show that if F = xi + yj + zk,then V X F = 0.

23. Find a vector field with twice-differentiable components whose
curl is xi + yj + zk or prove that no such field exists.

24. Does Stokes’ Theorem say anything special about circulation in a
field whose curl is zero? Give reasons for your answer.

25. Let R be a region in the xy-plane that is bounded by a piecewise-
smooth simple closed curve C and suppose that the moments of
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inertia of R about the x- and y-axes are known to be /, and I,.

Evaluate the integral

j{ V(r*) - n ds,

C
where r = Vx? + yz, in terms of /, and /.

26. Zero curl, yet field not conservative Show that the curl of

-y . X

2

F = i+
xz-i-y2 x“+y

7§+ zK

16.7 Stokes’ Theorem 1211

is zero but that

%F-dr

C

is not zero if C is the circle x> + y? = 1 in the xy-plane. (Theo-
rem 6 does not apply here because the domain of F is not simply
connected. The field F is not defined along the z-axis so there is
no way to contract C to a point without leaving the domain of F.)
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