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Vector Fields, Work, Circulation, and Flux

When we study physical phenomena that are represented by vectors, we replace integrals
over closed intervals by integrals over paths through vector fields. We use such integrals
to find the work done in moving an object along a path against a variable force (such as a
vehicle sent into space against Earth’s gravitational field) or to find the work done by a
vector field in moving an object along a path through the field (such as the work done by
an accelerator in raising the energy of a particle). We also use line integrals to find the
rates at which fluids flow along and across curves.

Vector Fields

Suppose a region in the plane or in space is occupied by a moving fluid such as air or water.
Imagine that the fluid is made up of a very large number of particles, and that at any instant
of time a particle has a velocity v. If we take a picture of the velocities of some particles at
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FIGURE 16.7 Velocity vectors of a flow

around an airfoil in a wind tunnel. The

streamlines were made visible by kerosene

smoke.

FIGURE 16.8 Streamlines in a
contracting channel. The water speeds up

as the channel narrows and the velocity

vectors increase in length.

|/

Chapter 16: Integration in Vector Fields

different position points at the same instant, we would expect to find that these velocities
vary from position to position. We can think of a velocity vector as being attached to each
point of the fluid. Such a fluid flow exemplifies a vector field. For example, Figure 16.7
shows a velocity vector field obtained by attaching a velocity vector to each point of air
flowing around an airfoil in a wind tunnel. Figure 16.8 shows another vector field of veloc-
ity vectors along the streamlines of water moving through a contracting channel. In addition
to vector fields associated with fluid flows, there are vector force fields that are associated
with gravitational attraction (Figure 16.9), magnetic force fields, electric fields, and even
purely mathematical fields.

Generally, a vector field on a domain in the plane or in space is a function that assigns
a vector to each point in the domain. A field of three-dimensional vectors might have a
formula like

F(x,y,z) = M(x,y,2)i + N(x,y,2)j + P(x,y, 2)k.

The field is continuous if the component functions M, N, and P are continuous,
differentiable if M, N, and P are differentiable, and so on. A field of two-dimensional vec-
tors might have a formula like

F(x,y) = M(x, )i + N(x, y)j.

If we attach a projectile’s velocity vector to each point of the projectile’s trajectory in the
plane of motion, we have a two-dimensional field defined along the trajectory. If we attach
the gradient vector of a scalar function to each point of a level surface of the function, we
have a three-dimensional field on the surface. If we attach the velocity vector to each point
of a flowing fluid, we have a three-dimensional field defined on a region in space. These
and other fields are illustrated in Figures 16.10—16.15. Some of the illustrations give for-
mulas for the fields as well.

To sketch the fields that had formulas, we picked a representative selection of do-
main points and sketched the vectors attached to them. The arrows representing the vec-
tors are drawn with their tails, not their heads, at the points where the vector functions are

FIGURE 16.9 Vectorsina
gravitational field point toward
the center of mass that gives the
source of the field.

FIGURE 16.10 The
velocity vectors v(f) of a
projectile’s motion make a
vector field along the
trajectory.

/ } F—>x f(x,y,z)=c\

FIGURE 16.11 The field of
gradient vectors Vf on a
surface f(x,y,z) = c.
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FIGURE 16.12 The flow of fluid

in a long cylindrical pipe. The
vectors v = (a? — r?)k inside the
cylinder that have their bases in
the xy-plane have their tips on the

paraboloid z = a? — 12
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FIGURE 16.13 The radial field FIGURE 16.14 The circumferential or
F = xi + yj of position vectors of points in “spin” field of unit vectors

the plane. Notice the convention that an F = (—yi + xj)/(:2 + p?)2
arrow is drawn with its tail, not its head, at = (i + xp)/x Y
the point where F is evaluated. in the plane. The field is not defined at the

origin.
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WIND SPEED, M/S

0 2 4 6 8 10 12 14 16+

FIGURE 16.15 NASA’s Seasat used radar to take 350,000 wind measurements over the
world’s oceans. The arrows show wind direction; their length and the color contouring
indicate speed. Notice the heavy storm south of Greenland.
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Bpt=1>

FIGURE 16.16 The work done by a force
F is the line integral of the scalar
component F - T over the smooth curve
from A4 to B.

evaluated. This is different from the way we draw position vectors of planets and projec-
tiles, with their tails at the origin and their heads at the planet’s and projectile’s locations.

Gradient Fields

DEFINITION  Gradient Field

The gradient field of a differentiable function f(x, y, z) is the field of gradient
vectors
aof . of . of
Vf—alﬁ-g]-ﬁ-gk.

EXAMPLE 1  Finding a Gradient Field
Find the gradient field of f(x, y,z) = xyz.

Solution The gradient field of f is the field F = Vf = yzi + xzj + xyk. ]

As we will see in Section 16.3, gradient fields are of special importance in engineering,
mathematics, and physics.

Work Done by a Force over a Curve in Space

Suppose that the vector field F = M(x, y,z)i + N(x,y,z)j + P(x,y, z)k represents a
force throughout a region in space (it might be the force of gravity or an electromagnetic
force of some kind) and that

r(t) = g(t)i + h(2)j + k(H)k, a=t=b,

is a smooth curve in the region. Then the integral of F - T, the scalar component of F in the
direction of the curve’s unit tangent vector, over the curve is called the work done by F
over the curve from a to b (Figure 16.16).

DEFINITION Work over a Smooth Curve

The work done by a force F = Mi + Nj + Pk over a smooth curve r(f) from
t=atot=bis

t=b
W= / F-Tds. 1)
=a

We motivate Equation (1) with the same kind of reasoning we used in Chapter 6 to
derive the formula W = /:1 F(x) dx for the work done by a continuous force of magnitude
F(x) directed along an interval of the x-axis. We divide the curve into short segments, apply
the (constant-force) X (distance) formula for work to approximate the work over each
curved segment, add the results to approximate the work over the entire curve, and calculate
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F,* T,

FIGURE 16.18 An enlarged view of the
curve segment Py Py in Figure 16.17,
showing the force and unit tangent vectors
at the point on the curve where t = ¢;.
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the work as the limit of the approximating sums as the segments become shorter and more
numerous. To find exactly what the limiting integral should be, we partition the parameter
interval [a, b] in the usual way and choose a point ¢, in each subinterval [#, f;+1]. The
partition of [a, b] determines (“induces,” we say) a partition of the curve, with the point Py
being the tip of the position vector r(#;) and As; being the length of the curve segment
PkPk-H (Flgure 1617)

P (g(t), h(ty), k(1))

FIGURE 16.17 Each partition of [a, b] induces a partition of
the curve r(¢) = g()i + h(t)j + k(¢)k.

If F denotes the value of F at the point on the curve corresponding to ¢ = ¢, and T
denotes the curve’s unit tangent vector at this point, then Fy + Ty is the scalar component of
F in the direction of T at ¢t = ¢ (Figure 16.18). The work done by F along the curve seg-
ment PP+ is approximately

Force component in distance
. . X . = Fy- T Asy.
(dlrectlon of motion ) <applled ) ok A8k

The work done by F along the curve from t = a to ¢t = b is approximately
2 Fk * Tk ASk.
=1

As the norm of the partition of [a, b] approaches zero, the norm of the induced partition of
the curve approaches zero and these sums approach the line integral

t=b
/ F-Tds.
t=a

The sign of the number we calculate with this integral depends on the direction in which
the curve is traversed as ¢ increases. If we reverse the direction of motion, we reverse the
direction of T and change the sign of F « T and its integral.

Table 16.2 shows six ways to write the work integral in Equation (1). Despite their va-
riety, the formulas in Table 16.2 are all evaluated the same way. In the table, r(¢) = g(¢)i +
h(t)j + k(t)k = xi + yj + zKk is a smooth curve, and

_dr

dr = “"dt = dgi + dhj + dkk

is its differential.
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TABLE 16.2 Six different ways to write the work integral

t=b
W = F-Tds The definition
t=a
=b
= / F-dr Compact differential form
1=a
b ar
= / F- ar dt Expanded to include df; emphasizes

the parameter ¢ and velocity vector dr/dt

b d,
= / (M 7% + N % + P?;) dt  Emphasizes the component functions
a

= ’ a + N dl + P@ dt Abbreviates the components of r
g e Vdr T P

b
= / Mdx + Ndy + Pdz dr’s canceled; the most common form
a

Evaluating a Work Integral
To evaluate the work integral along a smooth curve r(z), take these steps:
1. Evaluate F on the curve as a function of the parameter ¢.

2. Find dr/dt
3. Integrate F-dr/dt fromt = atot = b.

EXAMPLE 2  Finding Work Done by a Variable Force over a Space Curve

~N

Find the work done by F = (y — x?)i + (z — y?)j + (x — z?)k over the curve r(r) =
fi+ 1%+ ’k,0 =t =< 1, from (0,0, 0)to (1, 1, 1) (Figure 16.19).

Solution First we evaluate F on the curve:

(1,1, 1) _ e e )
% F=(—x)i+ -1+ (x—2k
'\ = -+ —-Mj+ -1k
oY 0
. Then we find dr/dt,

(0,0,0)

I

I

I

I

I

I

I
G

X et =i+ 4 + 1k iio

dr

i %(ti + %+ £k) =i + 2t + 3%k

FIGURE 16.19  The curve in Example 2. Finally, we find F - dr/dt and integrate from ¢ = Oto¢t = 1:

F-% = = + (t — tOK]- (i + 24 + 3t°k)
= — M2 + (1 — 93 = 2% — 26° + 383 — 348,
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SO

1
Work = / (2% — 2¢° + 343 — 3¢%) dt
0

I
\
-
W
|
NI
~
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+
\
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|
\
-
el
|
| |

Flow Integrals and Circulation for Velocity Fields

Instead of being a force field, suppose that F represents the velocity field of a fluid flow-
ing through a region in space (a tidal basin or the turbine chamber of a hydroelectric gen-
erator, for example). Under these circumstances, the integral of F - T along a curve in the
region gives the fluid’s flow along the curve.

DEFINITIONS  Flow Integral, Circulation
If r(?) is a smooth curve in the domain of a continuous velocity field F, the flow
along the curve from ¢ = atot = bis

b
Flow=/ F-Tds. ()

The integral in this case is called a flow integral. If the curve is a closed loop, the
flow is called the circulation around the curve.

We evaluate flow integrals the same way we evaluate work integrals.

EXAMPLE 3  Finding Flow Along a Helix

A fluid’s velocity fieldis F = xi + zj + yk. Find the flow along the helix r(¢#) = (cos )i +
(sint)j + tk,0 = ¢t =< 7/2.

Solution We evaluate F on the curve,
F =xi+ zj + yk = (cost)i + ¢j + (sint)k
and then find dr/dr:

% = (—sin )i + (cost)j + k.

Then we integrate F - (dr/dt) from¢ = Otot = g:

F- % = (cost)(—sint) + (¢)(cost) + (sin¢)(1)

= —sinfcost + tcost + sint
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S0,

t=b dr /2
Flow = F-—-dt = (—sintcost + tcost + sint) dt
t=a dt 0

2 /2
_ |cos”t - _ m)_ (1 -7 _
—[ > +tsth —<O+2) <2+O> )

N [ —

EXAMPLE 4  Finding Circulation Around a Circle

Find the circulation of the field F = (x — y)i + xj around the circle r(¢) = (cos#)i +
(sin?)j, 0 = t = 2m.

Solution On the circle, F = (x — y)i + xj = (cost¢ — sin¢)i + (cos?)j, and

% = (—sin )i + (cost)j.
Then
F- % = —sintcost + sin’t + cos’¢
gives |

2 2
Circulation = / F- @dt = / (1 — sintcost) dt
0 dt 0

-2 2w
_ |, sm°t _
= {t 5 ]0 2. [ |

Flux Across a Plane Curve

To find the rate at which a fluid is entering or leaving a region enclosed by a smooth curve
C in the xy-plane, we calculate the line integral over C of F - n, the scalar component of
the fluid’s velocity field in the direction of the curve’s outward-pointing normal vector.

The

value of this integral is the flux of F across C. Flux is Latin for flow, but many flux

calculations involve no motion at all. If F were an electric field or a magnetic field, for in-
stance, the integral of F - n would still be called the flux of the field across C.

DEFINITION Flux Across a Closed Curve in the Plane

If C is a smooth closed curve in the domain of a continuous vector field
F = M(x,y)i + N(x, y)j in the plane and if n is the outward-pointing unit nor-
mal vector on C, the flux of F across C is

Flux of F across C = / F-nds. (3)
c

Notice the difference between flux and circulation. The flux of F across C is the line

integral with respect to arc length of F - n, the scalar component of F in the direction of the
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For clockwise motion,
k X T points outward.

kxT

For counterclockwise
motion, T X k points
outward.

T

FIGURE 16.20 To find an outward unit
normal vector for a smooth curve C in the
xy-plane that is traversed counterclockwise
as t increases, we take n = T X k. For
clockwise motion, we taken = k X T.
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outward normal. The circulation of F around C is the line integral with respect to arc
length of F + T, the scalar component of F in the direction of the unit tangent vector. Flux
is the integral of the normal component of F; circulation is the integral of the tangential
component of F.

To evaluate the integral in Equation (3), we begin with a smooth parametrization

y = h(t),

that traces the curve C exactly once as ¢ increases from a to b. We can find the outward
unit normal vector n by crossing the curve’s unit tangent vector T with the vector k. But
which order do we choose, T X k or k X T? Which one points outward? It depends on
which way C is traversed as  increases. If the motion is clockwise, k X T points outward;
if the motion is counterclockwise, T X k points outward (Figure 16.20). The usual choice
ism = T X K, the choice that assumes counterclockwise motion. Thus, although the value
of the arc length integral in the definition of flux in Equation (3) does not depend on
which way C is traversed, the formulas we are about to derive for evaluating the integral in
Equation (3) will assume counterclockwise motion.
In terms of components,

x = g(0), a=t=bh

n=TXk-= (Zl;“i+;l§j>><k:2i—?;j.
IfF = M(x, y)i + N(x, y)j, then
F-nZM(x,y)%—N(x,y)%.
Hence,
/F-ndSZ/(Mdy—Ndx>ds= Mdy — Ndx
c c ds ds ©

We put a directed circle O on the last integral as a reminder that the integration around
the closed curve C is to be in the counterclockwise direction. To evaluate this integral, we
express M, dy, N, and dx in terms of ¢ and integrate from ¢ = a to t = b. We do not need
to know either n or ds to find the flux.

Calculating Flux Across a Smooth Closed Plane Curve
(Flux of F = Mi + Nj across C) = 7{ Mdy — Ndx (4)
c

The integral can be evaluated from any smooth parametrization x = g(¢), y = h(),
a =t = b, that traces C counterclockwise exactly once.

EXAMPLE 5

Find the flux of F = (x — y)i + xj across the circle x> + y? = 1 in the xy-plane.

Finding Flux Across a Circle
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Solution The parametrization r(z) = (cos ¢)i + (sin?)j, 0 = ¢t = 27, traces the circle
counterclockwise exactly once. We can therefore use this parametrization in Equation (4). With

M =x—y=cost — sint, dy = d(sint) = cos tdt
N = x = cost, dx = d(cost) = —sintdt,
We find

2w
Flux = /Mdy — Ndx = / (cos®t — sintcost + costsin?) dt Equation (4)
c 0

2 2 . 2
_ cos? tdt = 1+ costht _ {t n s1n2t} -
0 0 2 2 4

The flux of F across the circle is 7. Since the answer is positive, the net flow across the
curve is outward. A net inward flow would have given a negative flux. [
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