
1168 Chapter 16: Integration in Vector Fields

EXERCISES 16.3

Testing for Conservative Fields
Which fields in Exercises 1–6 are conservative, and which are not?

1.

2.

3.

4.

5.

6.

Finding Potential Functions
In Exercises 7–12, find a potential function ƒ for the field F.

7.

8.

9.

10.

11.

12.

Evaluating Line Integrals
In Exercises 13–17, show that the differential forms in the integrals
are exact. Then evaluate the integrals.

13.

14.

15.

16.

17.

Although they are not defined on all of space the fields associated
with Exercises 18–22 are simply connected and the Component Test
can be used to show they are conservative. Find a potential function
for each field and evaluate the integrals as in Example 4.

18. L
s1,p>2,2d

s0,2,1d
 2 cos y dx + a1y - 2x sin yb  dy +

1
z  dz

R3,

L
s0,1,1d

s1,0,0d
 sin y cos x dx + cos y sin x dy + dz

L
s3,3,1d

s0,0,0d
 2x dx - y2 dy -

4
1 + z2 dz

L
s1,2,3d

s0,0,0d
 2xy dx + sx2

- z2d dy - 2yz dz

L
s3,5,0d

s1,1,2d
 yz dx + xz dy + xy dz

L
s2,3, -6d

s0,0,0d
 2x dx + 2y dy + 2z dz

a y21 - y2 z2
+

1
z bk

F =

y

1 + x2 y2 i + a x

1 + x2 y2 +

z21 - y2 z2
b j +

asec2sx + yd +

y

y2
+ z2 bj +

z
y2

+ z2 k

F = sln x + sec2sx + yddi +

F = s y sin zdi + sx sin zdj + sxy cos zdk
F = ey + 2zsi + xj + 2xkd
F = s y + zdi + sx + zdj + sx + ydk
F = 2xi + 3yj + 4zk

F = sex cos ydi - sex sin ydj + zk

F = sz + ydi + zj + sy + xdk
F = -yi + xj

F = yi + sx + zdj - yk

F = s y sin zdi + sx sin zdj + sxy cos zdk
F = yzi + xzj + xyk

19.

20.

21.

22.

23. Revisiting Example 4 Evaluate the integral

from Example 4 by finding parametric equations for the line seg-
ment from (1, 1, 1) to and evaluating the line integral
of along the segment. Since F is conservative,
the integral is independent of the path.

24. Evaluate

along the line segment C joining (0, 0, 0) to (0, 3, 4).

Theory, Applications, and Examples
Independence of path Show that the values of the integrals in Exer-
cises 25 and 26 do not depend on the path taken from A to B.

25.

26.

In Exercises 27 and 28, find a potential function for F.

27.

28.

29. Work along different paths Find the work done by 
over the following paths from

(1, 0, 0) to (1, 0, 1).

a. The line segment 

b. The helix 

c. The x-axis from (1, 0, 0) to (0, 0, 0) followed by the parabola
from (0, 0, 0) to (1, 0, 1)

30. Work along different paths Find the work done by 
over the following

paths from (1, 0, 1) to s1, p>2, 0d.
e yzi + sxze yz

+ z cos ydj + sxye yz
+ sin ydk

F =

z = x2, y = 0

rstd = scos tdi + ssin tdj + st>2pdk, 0 … t … 2p

x = 1, y = 0, 0 … z … 1

sx2
+ ydi + s y2

+ xdj + zezk
F =

F = se x lnydi + ae x

y + sin zbj + s y cos zdk

F =

2x
y  i + a1 - x2

y2 b j

L
B

A
 
x dx + y dy + z dz2x2

+ y2
+ z2

L
B

A
 z2 dx + 2y dy + 2xz dz

LC
 x2 dx + yz dy + s y2>2d dz

F = yi + xj + 4k
s2, 3, -1d

L
s2,3, -1d

s1,1,1d
 y dx + x dy + 4 dz

L
s2,2,2d

s-1, -1, -1d
 
2x dx + 2y dy + 2z dz

x2
+ y2

+ z2

L
s2,2,2d

s1,1,1d
 
1
y  dx + a1z -

x

y2 b  dy -

y

z2 dz

L
s2,1,1d

s1,2,1d
 s2x ln y - yzd dx + ax2

y - xzb  dy - xy dz

L
s1,2,3d

s1,1,1d
 3x2 dx +

z2

y  dy + 2z ln y dz
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a. The line segment 

b. The line segment from (1, 0, 1) to the origin followed by the
line segment from the origin to 

c. The line segment from (1, 0, 1) to (1, 0, 0), followed by the
x-axis from (1, 0, 0) to the origin, followed by the parabola

from there to 

31. Evaluating a work integral two ways Let and let
C be the path in the xy-plane from to (1, 1) that consists
of the line segment from to (0, 0) followed by the line
segment from (0, 0) to (1, 1). Evaluate in two ways.

a. Find parametrizations for the segments that make up C and
evaluate the integral.

b. Using as a potential function for F.

32. Integral along different paths Evaluate 
along the following paths C in the xy-plane.

a. The parabola from (1, 0) to (0, 1)

b. The line segment from to (1, 0)

c. The x-axis from to (1, 0)

d. The astroid 
counterclockwise from (1, 0) back to (1, 0)

33. a. Exact differential form How are the constants a, b, and c
related if the following differential form is exact?

b. Gradient field For what values of b and c will

be a gradient field?

F = s y2
+ 2czxdi + ysbx + czdj + s y2

+ cx2dk

say2
+ 2czxd dx + ysbx + czd dy + say2

+ cx2d dz

rstd = scos3 tdi + ssin3 tdj, 0 … t … 2p,

s -1, 0d
s -1, pd

y = sx - 1d2

 sin y dy
1C 2x cos y dx - x2

ƒsx, yd = x3y2

1C F # dr
s -1, 1d

s -1, 1d
F = §sx3y2d

s1, p>2, 0dy = px2>2, z = 0

s1, p>2, 0d

x = 1, y = pt>2, z = 1 - t, 0 … t … 1 34. Gradient of a line integral Suppose that is a conserva-
tive vector field and

Show that 

35. Path of least work You have been asked to find the path along
which a force field F will perform the least work in moving a
particle between two locations. A quick calculation on your part
shows F to be conservative. How should you respond? Give
reasons for your answer.

36. A revealing experiment By experiment, you find that a force
field F performs only half as much work in moving an object
along path from A to B as it does in moving the object along
path from A to B. What can you conclude about F? Give
reasons for your answer.

37. Work by a constant force Show that the work done by a con-
stant force field in moving a particle along any

path from A to B is 

38. Gravitational field

a. Find a potential function for the gravitational field

b. Let and be points at distance and from the origin.
Show that the work done by the gravitational field in part (a)
in moving a particle from to is

GmM a 1
s2

-

1
s1
b .

P2P1

s2s1P2P1

F = -GmM 
xi + yj + zk

sx2
+ y2

+ z2d3>2 sG, m, and M are constantsd.

W = F # AB
1

.

F = ai + bj + ck

C2

C1

§g = F.

gsx, y, zd = L
sx,y,zd

s0,0,0d
 F # dr.

F = §ƒ

1169

4100 AWL/Thomas_ch16p1143-1228  8/27/04  7:26 AM  Page 1169

16.3 Path Independence, Potential Functions, and Conservative Fields

http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

	copyright: 
	ex1: 
	ex7: 
	ex13: 
	ex18: 


