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1158  Chapter 16: Integration in Vector Fields

EXERCISES 16.2

Vector and Gradient Fields

Find the gradient fields of the functions in Exercises 1—4.

1. f(r,p,2) = (x> +y2 + )72
. f(x,y,2) = InVx? +y? + 22
. glx,y,z) =€ — In(x* +y?)
g,y z) =xy +yz + xz

DA W N

. Give a formula F = M(x, y)i + N(x, y)j for the vector field in
the plane that has the property that F points toward the origin with
magnitude inversely proportional to the square of the distance
from (x, y) to the origin. (The field is not defined at (0, 0).)

6. Give a formula F = M(x, y)i + N(x, y)j for the vector field in
the plane that has the properties that F = 0 at (0, 0) and that at
any other point (a, b), F is tangent to the circle x> + y? =
a* + b? and points in the clockwise direction with magnitude

|F| = Va* + b~

Work

In Exercises 7—12, find the work done by force F from (0, 0, 0) to
(1, 1, 1) over each of the following paths (Figure 16.21):

a. The straight-line path Cy: r(¢) = i + tj + 1k,
b. The curved path Cy: r(7) = di + 1% + t*k,

¢. The path C; U Cy consisting of the line segment from (0, 0, 0)
to (1, 1, 0) followed by the segment from (1, 1, 0) to (1, 1, 1)

0=tr=1
0=t=1

(1,1, 1)

7/
(1,1,0)

FIGURE 16.21 The paths from (0, 0, 0)
to (1, 1, 1).

In Exercises 13—16, find the work done by F over the curve in the
direction of increasing 7.

13. F =i +yj — yzk

r)=ti+j+tk 0=r=1
14. F = 2pi + 3xj + (x + y)k

r(z) = (cost)i + (sin#)j + (¢/6)k,
15. F =zi + xj + )k

r(z) = (sino)i + (cost)j + tk,
16. F = 6zi + % + 12xk

r(z) = (sin®)i + (cost)j + (¢/6)k,

0=t=2w

0=t=27w

0=t=2w

7. F = 3yi + 2xj + 4zk 8. F=1[1/(x>+ 1]j

9. F = Vzi — 2xj + Vyk 10. F = xyi + yzj + xzk
11. F = (3x? — 3x)i + 3zj + k
12.F=(y+2i+(z+x)j+ (x+yk

Line Inteqrals and Vector Fields in the Plane

17. Evaluate fc xydx + (x + y)dy along the curve y = x? from
(—=1,1)to (2, 4).

18. Evaluate f ¢ —y)dx + (x + y)dy counterclockwise around
the triangle with vertices (0, 0), (1, 0), and (0, 1).
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19. Evaluate fc F - T ds for the vector field F = x%i — yj along the
curve x = y? from (4,2) to (1, —1).

20. Evaluate fCF'dr for the vector field F = yi — xj counter-
clockwise along the unit circle x> + y? = 1 from (1, 0) to (0, 1).

21. Work Find the work done by the force F = xyi + (y — x)j
over the straight line from (1, 1) to (2, 3).

22. Work Find the work done by the gradient of f(x,y) = (x + y)?
counterclockwise around the circle x> + y? = 4 from (2, 0) to
itself.

23. Circulation and flux Find the circulation and flux of the fields
F; = xi + yj and F, = —yi + xj

around and across each of the following curves.

a. The circle r(z) = (cos?)i + (sin¢)j, 0 =1¢=27w

b. The ellipse r(¢) = (cos?)i + (4sin¢)j, 0 =1¢=2mw
24. Flux across a circle Find the flux of the fields

F, = 2xi — 3yj and F, = 2xi + (x — y)j

across the circle

r(t) = (acost)i + (asint)j, 0 =r¢=2m

Circulation and Flux

In Exercises 2528, find the circulation and flux of the field F around
and across the closed semicircular path that consists of the semicircu-
lar arch ri(f) = (acost)i + (asint)j, 0 = ¢ = 7, followed by the
line segment ry(7) = #i, —a = t = a.

25. F = xi + yj 26. F = x%i + %
27. F = —yi + xj 28. F = —p?%i + x%j

29. Flow integrals Find the flow of the velocity field F =
(x + »)i — (x® + y?)j along each of the following paths from
(1, 0) to (—1, 0) in the xy-plane.
a. The upper half of the circle x> + y2 = 1
b. The line segment from (1, 0) to (=1, 0)

¢. The line segment from (1, 0) to (0, —1) followed by the line
segment from (0, —1) to (=1, 0).

30. Flux across a triangle Find the flux of the field F in Exercise 29
outward across the triangle with vertices (1, 0), (0, 1), (=1, 0).

Sketching and Finding Fields in the Plane
31. Spin field Draw the spin field

Y - X j
\/x2+y2 «/x2+y2

(see Figure 16.14) along with its horizontal and vertical compo-
nents at a representative assortment of points on the circle
X2+ y2 =4,

F=-—
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32. Radial field Draw the radial field
F = xi + yj

(see Figure 16.13) along with its horizontal and vertical compo-
nents at a representative assortment of points on the circle
x2+yr=1.
33. A field of tangent vectors
a. Find a field G = P(x, )i + QO(x, y)j in the xy-plane with the
property that at any point (a, b) # (0,0), G is a vector of
magnitude Va? + b? tangent to the circle x> + y* = a® + b?
and pointing in the counterclockwise direction. (The field is
undefined at (0, 0).)

b. How is G related to the spin field F in Figure 16.14?

34. A field of tangent vectors

a. Find a field G = P(x, y)i + QO(x, y)j in the xy-plane with the
property that at any point (a, b) # (0, 0), G is a unit vector
tangent to the circle x> + y*> = ¢ + b2 and pointing in the
clockwise direction.

b. How is G related to the spin field F in Figure 16.14?

35. Unit vectors pointing toward the origin Find a field F =
M(x, p)i + N(x,)j in the xy-plane with the property that at each
point (x,y) # (0,0), F is a unit vector pointing toward the ori-
gin. (The field is undefined at (0, 0).)

36. Two “central” fields Find a field F = M(x, y)i + N(x,y)j in
the xy-plane with the property that at each point (x, y) # (0, 0),
F points toward the origin and |F| is (a) the distance from (x, y)
to the origin, (b) inversely proportional to the distance from (x, y)
to the origin. (The field is undefined at (0, 0).)

Flow Integrals in Space

In Exercises 3740, F is the velocity field of a fluid flowing through a
region in space. Find the flow along the given curve in the direction of
increasing 7.

37. F = —4xyi + 8yj + 2k

r(=ti+7j+k 0=¢=2
38. F = X% + yzj + y’k
r(t) =3t + 4k, 0=r=1

39. F=(x — 2)i + xk
r(t) = (cos )i + (sin7)k,

40. F = —yi + xj + 2k
r(¢) = (—2cost)i + (2sint)j + 2k, 0=<t=2m

0=t=m

41. Circulation Find the circulation of F = 2xi + 2zj + 2yk
around the closed path consisting of the following three curves
traversed in the direction of increasing ¢:

Cp: r(t) = (cost)i + (sing)j +tk, 0=¢=m/2
Cy: x(t) =j+ (w/2)(1 = 1)k,
Cs: r(¢) = ti + (1 — 1)j,

0=sr=1

0=t=1
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42.

43.

44.

X

Zero circulation Let C be the ellipse in which the plane
2x + 3y — z = 0 meets the cylinder x> + y* = 12. Show, with-
out evaluating either line integral directly, that the circulation of
the field F = xi + yj + zk around C in either direction is zero.
Flow along a curve The field F = xyi + yj — yzk is the
velocity field of a flow in space. Find the flow from (0, 0, 0) to
(1, 1, 1) along the curve of intersection of the cylinder y = x? and
the plane z = x. (Hint: Use t = x as the parameter.)

(1,1, 1)

X
Flow of a gradient field Find the flow of the field F = V(xy?z°):

a. Once around the curve C in Exercise 42, clockwise as viewed
from above

b. Along the line segment from (1, 1, 1) to (2, 1, —1),

Theory and Examples

45.

Work and area  Suppose that f(7) is differentiable and positive for
a=1t=>~b.Let Cbethepathr(z) =ti + f(¢)j,a =t = b, and
F = yi. Is there any relation between the value of the work integral

/F-dr
c

46.

and the area of the region bounded by the #-axis, the graph of f,
and the lines = @ and ¢ = b? Give reasons for your answer.

Work done by a radial force with constant magnitude A par-
ticle moves along the smooth curve y = f(x) from (a, f(a)) to
(b, f(b)). The force moving the particle has constant magnitude k&
and always points away from the origin. Show that the work done
by the force is

/F-Tds = K (B> + (FD))'? = (a* + (fl@))'?].
C

COMPUTER EXPLORATIONS

Finding Work Numerically

In Exercises 47—52, use a CAS to perform the following steps for
finding the work done by force F over the given path:

47.

48.

49.

50.

51.

52.

a. Find dr for the path r(¢) = g(1)i + h(2)j + k(1)k.
b. Evaluate the force F along the path.

c. Evaluate/F-dr.
c

F = xp%i + 3x(xy° + 2)j;
0=t=2m
P,
1 + x? 1+y
O0=tr=mw

r(t) = (2cos i + (sin?)j,

F

RE r(z) = (cos )i + (sin¢)j,

F = (y + yzcosxyz)i + (x> + xzcosxyz)j +

(z + xycosxyz)k; r(t) = (2cosd)i + (3sine)j + Kk,
0=¢t=27w

F = 20i — y} + ze'k; r(t) = —ti + Vij + 3k,
1l=r=4

F = (2y + sinx)i + (22 + (1/3)cosy)j + x*k;

r(t) = (sin)i + (cos#)j + (sin20)k, —7/2 =t = /2
F = (x%)i + %ﬁj + xvk;  r(7) = (cost)i + (sint)j +
(2sin*t — Dk, 0=t=2m
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