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Stokes’ Theorem
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FIGURE 16.59 The circulation vector at
a point P in a plane in a three-dimensional
fluid flow. Notice its right-hand relation to
the circulation line.

As we saw in Section 16.4, the circulation density or curl component of a two-dimensional
field F = Mi + Nj at a point (x, y) is described by the scalar quantity (dN/dx — dM/dy).
In three dimensions, the circulation around a point P in a plane is described with a vector.
This vector is normal to the plane of the circulation (Figure 16.59) and points in the
direction that gives it a right-hand relation to the circulation line. The length of the vector
gives the rate of the fluid’s rotation, which usually varies as the circulation plane is tilted
about P. It turns out that the vector of greatest circulation in a flow with velocity field
F = Mi + Nj + Pk is the curl vector

_(op _aN\. . (oM _aP\. , (N _ oM
curl F = (8y 9z )1 + <8z o )J + (ax 3y )k. (1)
We get this information from Stokes’ Theorem, the generalization of the circulation-curl
form of Green’s Theorem to space.

Notice that (curl F)-k = (dN/dx — dM/dy) is consistent with our definition in
Section 16.4 when F = M(x, y)i + N(x, y)j. The formula for curl F in Equation (1) is
often written using the symbolic operator

J d
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FIGURE 16.60 The orientation of the
bounding curve C gives it a right-handed
relation to the normal field n.

(The symbol V is pronounced “del.”) The curl of Fis V X F:

ik
— |9 9 9
VXF =5 dy oz
M N P
_ (9P _ N\ IM _ oP ). ON _ oM
N (ay 0z )l + <62 ax>" + <8x dy )k
= curl F.
curl F = VX F (3)

EXAMPLE 1 Finding Curl F
Find the curl of F = (x> — y)i + 4zj + x’k.

Solution
curl F = VXF Equation (3)
i ] k
- & 9 9
0x Jy 0z

(Lo -Zw)i- (Lwr-Le-n)

- (;x (4) = 5 (% = y))k

(0—4)i—2x—0)j +(0+ Dk

—4i — 2xj + k n

As we will see, the operator V has a number of other applications. For instance, when
applied to a scalar function f(x, y, z), it gives the gradient of f:

_of, of of
Vf—gl'f’@]‘f‘&k.

This may now be read as “del f as well as “grad f.”

Stokes’ Theorem

Stokes’ Theorem says that, under conditions normally met in practice, the circulation of a
vector field around the boundary of an oriented surface in space in the direction counter-
clockwise with respect to the surface’s unit normal vector field n (Figure 16.60) equals the
integral of the normal component of the curl of the field over the surface.
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FIGURE 16.61 Comparison of Green’s
Theorem and Stokes’ Theorem.
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THEOREM 5  Stokes' Theorem

The circulation of a vector field F = Mi + Nj + Pk around the boundary C of
an oriented surface S in the direction counterclockwise with respect to the sur-
face’s unit normal vector n equals the integral of V X F - n over S.

%F-er//VXF-nda' (4)
S

C

Counterclockwise Curl integral
circulation

Notice from Equation (4) that if two different oriented surfaces S| and S, have the
same boundary C, their curl integrals are equal:

//VXF'nldO'://VXF'nde'.

S N

Both curl integrals equal the counterclockwise circulation integral on the left side of
Equation (4) as long as the unit normal vectors n; and n; correctly orient the surfaces.
Naturally, we need some mathematical restrictions on F, C, and S to ensure the existence
of the integrals in Stokes’ equation. The usual restrictions are that all functions, vector fields,
and their derivatives be continuous.
If C is a curve in the xy-plane, oriented counterclockwise, and R is the region in the
xy-plane bounded by C, then do = dx dy and

(VX F)on=(VXF)-k= <%];]—%Ay4>

Under these conditions, Stokes’ equation becomes

_ [ (v _am
%F-dr—//(ax ay)dxdy,
c R

which is the circulation-curl form of the equation in Green’s Theorem. Conversely, by
reversing these steps we can rewrite the circulation-curl form of Green’s Theorem for
two-dimensional fields in del notation as

%F-drz//VXF-de. (5)
R

c

See Figure 16.61.

EXAMPLE 2  Verifying Stokes” Equation for a Hemisphere

Evaluate Equation (4) for the hemisphere S: x> + y% + z2 = 9, z = 0, its bounding circle
C:x? + y? =9,z = 0, and the field F = yi — xj.
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S:r(t) = (rcos0)i + (rsin6)j + rk
X y

FIGURE 16.62 The curve C and cone S
in Example 3.

Solution We calculate the counterclockwise circulation around C (as viewed from
above) using the parametrization r(6) = (3 cos6)i + (3sinh)j, 0 = 6 < 27

dr = (—3sin6df)i + (3 cos 6 db)j
F = yi — xj = (3sin6)i — (3 cos 0)j

F-dr = —9sin’0df — 9cos’0do = —9 do

2
y{F-dr =/ —9do = —18r.
0

C

For the curl integral of F, we have

_(op _oNY. (oM _oP). . (aN _ oM
VXF= <8y 82)1 + (62 ax>‘] + (ax dy )k
(0 —0)i+(0—0)j+ (-1 — Dk =—2k
xi tyj+zk  xi+ ) +zk

n = = Outer unit normal
x>+ y2 + 22 3

3 Section 16.5, Example 5,
do = EdA witha = 3
VX Fendoe =23 d4 = -2
and
//VXF'nd0'= // —2dA = —18mr.
N ¥ +y?=9

The circulation around the circle equals the integral of the curl over the hemisphere, as it
should. ]

EXAMPLE 3  Finding Circulation

Find the circulation of the field F = (x> — y)i + 4zj + x’k around the curve C in which

the plane z = 2 meets the cone z = Vx? + y?, counterclockwise as viewed from above
(Figure 16.62).

Solution Stokes’ Theorem enables us to find the circulation by integrating over the surface
of the cone. Traversing C in the counterclockwise direction viewed from above corresponds
to taking the inner normal n to the cone, the normal with a positive z-component.

We parametrize the cone as

r(r,0) = (rcos0)i + (rsin0)j + rk, 0=r=2 0=0=27.

We then have

Lo X1y _ —(rcosf)i — (rsinf)j + rk Section 16.6,
|rr X I‘9| r\/z Example 4
_ 1

(—(cos 0)i — (sinB)j + k)

V2
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do = I‘\/E dr do Section 16.6, Example 4
VXF=—4i—2xj + k Example 1

—4i — 2rcos6j + k. x = rcos 0

Accordingly,

VXF-n= <4cos@+2rcos(95in0+l>

N

(40050 + rsin20 + 1>

and the circulation is

% F.dr = // V X F-ndo Stokes’ Theorem, Equation (4)

C N
27 2 1 \/
= ——=|4cosf + rsin20 + 1) rN2drdf) = 4. ]
A % \6( ( )

Paddle Wheel Interpretation of V X F

Suppose that v(x, y, z) is the velocity of a moving fluid whose density at (x, y, z) is
8(x,y,z)and let F = &v. Then
?{ F-dr

C

is the circulation of the fluid around the closed curve C. By Stokes’ Theorem, the circulation
is equal to the flux of V X F through a surface S spanning C:

%F-dr = //V X Fendo.

C N

Suppose we fix a point Q in the domain of F and a direction u at Q. Let C be a circle of
radius p , with center at Q, whose plane is normal to u. If V X F is continuous at Q, the
average value of the u-component of V X F over the circular disk S bounded by C
approaches the u-component of V X F at Q as p — 0:

(VXF-u) = limlz//V X F-udo.
N

p—0mp

If we replace the surface integral in this last equation by the circulation, we get

(VX F-u)p = 1im127{F-dr. (6)

=0 mp

The left-hand side of Equation (6) has its maximum value when u is the direction of
V X F. When p is small, the limit on the right-hand side of Equation (6) is approximately

1

mp*
C

F - dr,
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FIGURE 16.63 The paddle wheel
interpretation of curl F.

7

P(x,y,0) Y

FIGURE 16.64 A steady rotational flow
parallel to the xy-plane, with constant
angular velocity  in the positive
(counterclockwise) direction (Example 4).

Chapter 16: Integration in Vector Fields

which is the circulation around C divided by the area of the disk (circulation density).
Suppose that a small paddle wheel of radius p is introduced into the fluid at Q, with its axle
directed along u. The circulation of the fluid around C will affect the rate of spin of the paddle
wheel. The wheel will spin fastest when the circulation integral is maximized; therefore it will
spin fastest when the axle of the paddle wheel points in the direction of V X F (Figure 16.63).

EXAMPLE 4

A fluid of constant density rotates around the z-axis with velocity v = w(—yi + xj),
where w is a positive constant called the angular velocity of the rotation (Figure 16.64). If
F = v, find V X F and relate it to the circulation density.

Relating V X F to Circulation Density

WithF = v = —wyi + wxj,

(9P N\, . (M _ 0P . (aN _ oM
VXF_(ay az>‘+<az ax>J+<6x ay)k

=0 —-0)i+(0—-0)j+ (0 — (—w)k = 2wk.

Solution

By Stokes’ Theorem, the circulation of F around a circle C of radius p bounding a disk S in
a plane normal to V X F, say the xy-plane, is

%F-dr=//VXF-nd0'=//2wk'kdxdy=(2w)(7'rp2).

C S N
Thus,
(VX F)k=2w= 12}[F-dr,
mp
C
consistent with Equation (6) when u = k. [
EXAMPLE 5  Applying Stokes’” Theorem

Use Stokes’ Theorem to evaluate ch «dr, if F = xzi + xyj + 3xzk and C is the bound-
ary of the portion of the plane 2x + y + z = 2 in the first octant, traversed counterclock-
wise as viewed from above (Figure 16.65).

Solution The plane is the level surface f(x, y, z) = 2 of the function f(x,y,z) = 2x +
y + z. The unit normal vector

\%i (2i +j + k) 1 (2'+'+k>
= = 51 3 =~ |2
VAl T i+t K e J

is consistent with the counterclockwise motion around C. To apply Stokes’ Theorem, we find

n

i k
_ R A Y
curlF = VXF = ax oz (x — 32)j + )k
xz xy 3xz

On the plane, z equals 2 — 2x — y, so
VXF=(x=-32-2x—y)j+yk=(7Tx + 3y — 6)j + 1k
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2x+y+z=2

(0, 2,0)

X
y
FIGURE 16.65 The planar surface in
Example 5.
E
A D
B C

FIGURE 16.66 Part of a polyhedral
surface.
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and

1 1
VXF-n=<7x+3y—6+y)=<7x+4y—6).
Ve Ve

The surface area element is

|V Y
o = |Vf-k|dA_ 1 dx dy.

7{ F-dr = // V X F-ndo Stokes’ Theorem, Equation (4)
S

C
L < )\/
= — |7x +4y — 6 6 dydx
AA Ve g g

122
=// (7x + 4y — 6)dydx = —1. ]
0 Jo

Proof of Stokes’ Theorem for Polyhedral Surfaces

The circulation is

Let S be a polyhedral surface consisting of a finite number of plane regions. (See Figure 16.66
for an example.) We apply Green’s Theorem to each separate panel of S. There are two types
of panels:

1. Those that are surrounded on all sides by other panels

2. Those that have one or more edges that are not adjacent to other panels.

The boundary A of S consists of those edges of the type 2 panels that are not adjacent to
other panels. In Figure 16.66, the triangles E4AB, BCE, and CDE represent a part of S, with

ABCD part of the boundary A. Applying Green’s Theorem to the three triangles in turn
and adding the results, we get

popedlra-| [+ [« [ fxrna o

EAB  BCE CDE EAB BCE CDE

The three line integrals on the left-hand side of Equation (7) combine into a single line
integral taken around the periphery ABCDE because the integrals along interior segments
cancel in pairs. For example, the integral along segment BE in triangle ABE is opposite in
sign to the integral along the same segment in triangle EBC. The same holds for segment

CE. Hence, Equation (7) reduces to
// V X F-ndo.

ABCDE

F-dr =
ABCDE
When we apply Green’s Theorem to all the panels and add the results, we get

%F-dr = //V X Fendo.
s

A
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S

FIGURE 16.67 Stokes’ Theorem also
holds for oriented surfaces with holes.

This is Stokes’ Theorem for a polyhedral surface S. You can find proofs for more general
surfaces in advanced calculus texts.

Stokes’ Theorem for Surfaces with Holes

Stokes’ Theorem can be extended to an oriented surface S that has one or more holes
(Figure 16.67), in a way analogous to the extension of Green’s Theorem: The surface
integral over S of the normal component of V X F equals the sum of the line integrals
around all the boundary curves of the tangential component of F, where the curves are to
be traced in the direction induced by the orientation of S.

An Important Identity

The following identity arises frequently in mathematics and the physical sciences.

curl grad f = 0 or VX VFf=0 (8)

This identity holds for any function f(x, y, z) whose second partial derivatives are
continuous. The proof goes like this:

i i Kk
VX Vf = (9% % % = (fzy - fyz)i - (fzx - fxz)j + (fyx - fxy)k~
af  af  of

x  ay  az
If the second partial derivatives are continuous, the mixed second derivatives in parenthe-
ses are equal (Theorem 2, Section 14.3) and the vector is zero.

Conservative Fields and Stokes’ Theorem

In Section 16.3, we found that a field F is conservative in an open region D in space is
equivalent to the integral of F around every closed loop in D being zero. This, in turn, is
equivalent in simply connected open regions to saying that V. X F = 0.

THEOREM 6  Curl F = O Related to the Closed-Loop Property

If VX F = 0 at every point of a simply connected open region D in space, then
on any piecewise-smooth closed path Cin D,

%F-dr = 0.

C

Sketch of a Proof Theorem 6 is usually proved in two steps. The first step is for simple
closed curves. A theorem from topology, a branch of advanced mathematics, states that
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FIGURE 16.68 In a simply connected
open region in space, differentiable curves
that cross themselves can be divided into
loops to which Stokes’ Theorem applies.

16.7 Stokes’ Theorem 1209

every differentiable simple closed curve C in a simply connected open region D is the
boundary of a smooth two-sided surface S that also lies in D. Hence, by Stokes’ Theorem,

}{F-er//VXF°ndU=0.

C N

The second step is for curves that cross themselves, like the one in Figure 16.68. The
idea is to break these into simple loops spanned by orientable surfaces, apply Stokes’
Theorem one loop at a time, and add the results. [

The following diagram summarizes the results for conservative fields defined on
connected, simply connected open regions.

Theorem 1,
. Section 16.3
F conservative

on D <—> F=VfonD

Vector identity (Eq. 8)
(continuous second
partial derivatives)

Theorem 2,
Section 13.3

y{CF-dr —0 <— VXF =0 throughout D

1 d Theorem 6
over any close Domain's simple

path inD connectivity and
Stokes' theorem
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